Performance guarantees for deep Koopman autoencoders
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Introduction Theorem: Koopman Autoencoder Guarantees®
Any dynamical system (DS), X1 = F(Xj), can be transformed Form p-i.i.d. samples {Xj}}-”zl c [—1,1]¢ of a DS, there exist
intO lineal’ eVOlutiOI’l Via the appropriate COOI’dinateS. ° Class Of ReLU DNNS N’ Size Scaling polynomiauy in
m = cm/(log3(m) log(d)) and

Klel (Xf) =Y (F(Xf)) = lp(Xf“) * regularization function [J and parameterA > 0
such that with high probability:

XK : Koopman operator g € L*: observable function

U: state space B - 1Y o: U - R For all KX'|W] analytic in a suitable region with noisy evaluations

dij = iK[t/Jl-](Xj) + 1;j, the DNN approximation K4 [W] trained
K defines an co-dimensional but linear DS on observables. according to

Is guaranteed to satisfy (C;, C, universal constants)

Lauto < C1(Eq + E3) and Lgep < Co(E7 + E).

F dynamics K dynamics 4 ; , ,
Lauto = — 2151 IDEX) — X113 + ID(TEX;)) — F(X)II3
Approximating the Koopman Spectrum + |ITEX) — EFED)I3
Koopman eigenfupctio.ns provic!e global geometric information _ Loen = | Ko [P] — K[P] HL%(‘U) )
about the DS (ex. invariant manifolds as level sets of Koopman
eigenfunctions). E, = L exp(—yml/d //2) (Approximation error)
j([le](X]) — Alqbl(X]) — ¢i(Xj+1) EZ = f:ﬂ‘ei”z (Measurement error)

. m
®;: Koopman eigenfunction with eigenvalue A; y > Ois asmoothness parameter and e; = (nij)jzl

Goal: Approximate Koopman eigenfunctions from data to
understand global dynamics Our Koopman Autoencoder

®, s: Emulated polynomial basis of V up to 0 accuracy

° ° ° 1
Extended Dynamic Mode Decomposition’ (EDMD) Z: Trainable weight matrix of @, diagonalized Z = QTQ ™!
Fix dictionary ¥, approximate eigenfunctions ¢; from data X, Y by A: Projection matrix from latent space to U
E=Q®,; T=T D=AQ!
In: X ={Xq,..., X} Solve Zgﬁige 1B(Y) — (X)Z||%]| | Out: ¢s(x) = > viah;(x) | b i | 0 |
Y = {F(X3),...,F(X»)} W(X) = (hs(X;))0™, v left eigenvector of Z S @ ‘@ :
Dictionary: ¥ = {41, ..., 1} T(Y) = (%(Xm’))f;;’;l ¢i, v share eigenvalue A; . . | :
o vt Q HoHl - HoHQt A
« EDMD converges?in the infinite data and infinite size limits. - | ' :
g Dys E Aoy :
 Finite EDMD approximation quality depends on W — \ o
— 1
Idea: Use deep neural network (DNN) | Z=QTQ
Ko = ®PpsZ

autoencoders to simultaneously step data forward

in time and learn optimal dictionary®. .
Conclusion

First theoretical result ensuring accuracy of DNN
Koopman approximations.

Function Approximation and Neural Networks

Universal Approximation Theorem (UAT): There exists a DNN

that can accurately approximate a continuous function. * (1) corresponds to a new, weighted-sparse EDMD problem
Practical Existence Theorem?: Specifies DNN architecture, mi{n{) IIP(Y) — lI’(X)ZH% MZz 1w
ZERX o

training problem, and number of samples required to

- _ ¢
accurately approximate analytic functions. with H'”F,1,w = ZWi\Zij\, w e R".

K Aut d | L > 1 * Novel matrix LASSO setting for practical existence theory
oopman Autoencodaer.
4 4
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