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Approximating the Koopman Spectrum

Conclusion
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(Measurement error)

𝐙: Trainable weight matrix of Φ, diagonalized 𝐙 = 𝐐𝐓𝐐3𝟏  

(Approximation error)
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is guaranteed to satisfy (𝐶%, 𝐶* universal constants)

Theorem: Koopman Autoencoder Guarantees5
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For 𝑚	𝜌-i.i.d. samples {𝑋'}'(%& ⊂ −1,1 2 of a DS, there exist  
• class of ReLU DNNs 𝒩, size scaling polynomially in   

7𝑚 = 𝑐𝑚/ log9 𝑚 log 𝑑  and
• regularization function 𝒥 and parameter 𝜆 > 0

such that with high probability: 

Our Koopman Autoencoder

𝛾 > 0 is a smoothness parameter and 𝐞5 = 𝜂5' '(%
& 	

𝐀: Projection matrix from latent space	to 𝒰 

Φ:,<: Emulated polynomial basis of 𝒱 up to 𝛿 accuracy

(1)

For all 𝒦 𝚿  analytic in a suitable region with noisy evaluations 
𝑑5' = 𝒦 𝜓5 𝑋' + 𝜂5', the DNN approximation 𝒦. 𝚿  trained 
according to 

Introduction

Any dynamical system (DS),	𝑋'=% = 𝐹 𝑋' , can be transformed 
into linear evolution via the appropriate coordinates.

𝒦 g 𝑋' = 𝜓 𝐹 𝑋' = 𝜓 𝑋'=%

𝒦: Koopman operator g ∈ 𝐿*: observable function 
𝒰: state space g:𝒰 → ℝ

𝒦 defines an ∞-dimensional but linear DS on observables.

Function Approximation and Neural Networks

Universal Approximation Theorem (UAT): There exists a DNN 
that can accurately approximate a continuous function. • (1) corresponds to a new, weighted-sparse EDMD problem

min
𝐙∈𝐑ℓ×ℓ

‖𝚿 𝐘 −𝚿 𝐗 𝐙‖𝟐𝟐 + 𝜆 𝐙 A,%,𝐰Practical Existence Theorem4: Specifies DNN architecture, 
training problem, and number of samples required to 
accurately approximate analytic functions.

Koopman Autoencoder:

DNN trained to satisfy 𝐹 ≈ ℰ ∘ 𝒯 ∘ 𝒟

ℰ: encoder 𝒯: (linear) time step

𝒟: decoder Note: ℰ ∘ 𝒟 ≈ 𝐼𝑑

First theoretical result ensuring accuracy of DNN 
Koopman approximations.

• Novel matrix LASSO setting for practical existence theory 

with h A,%,𝐰 = ∑𝑤5|𝑧5'|, 𝐰 ∈ ℝℓ.

ℒ!"#$ ≤ 𝐶% 𝐸% + 𝐸*  and ℒ+,- ≤ 𝐶* 𝐸% + 𝐸* .

F: 𝒰 → 𝒰

Φ:

Koopman eigenfunctions provide global geometric information 
about the DS (ex. invariant manifolds as level sets of Koopman 
eigenfunctions). 

𝒦 𝜙5 𝑋' = 𝜆5𝜙5 𝑋' = 𝜙5 𝑋'=%

𝜙5: Koopman eigenfunction with eigenvalue 𝜆5

Fix dictionary 𝚿, approximate eigenfunctions 𝜙5	from data 𝐗, 𝐘 by

• EDMD converges2 in the infinite data and infinite size limits.

• Finite EDMD approximation quality depends on 𝚿

Idea: Use deep neural network (DNN) 
autoencoders to simultaneously step data forward 

in time and learn optimal dictionary3. 

Goal: Approximate Koopman eigenfunctions from data to 
understand global dynamics

Extended Dynamic Mode Decomposition1 (EDMD)


